We develop the reconstruction of f (T ) gravity model according to the holographic dark energy. T is the torsion scalar and its initial value from the Teleparallel gravity is imposed for fitting the initial value of the function f (T ). The evolutionary nature of the holographic dark energy is essentially based on two important parameters, ΩV and ωV , respectively, the dimensionless dark energy and the parameter of the equation of state, related to the holographic dark energy. The result shows a polynomial function for f (T ), and we also observe that, when ΩV → 1 at the future time, ωV may cross −1 for some values of the input parameter b. Another interesting aspect of the obtained model is that it provides the unification scenario of dark matter with dark energy.
gravity, and according to this principle, the number of degree of freedom of a local quantum field theory is related to the area of its boundary, rather than the volume of the system as expected when gravity is absent. Currently, an interesting attempt to achieve a good comprehension of the nature of the dark energy in the context of quantum gravity is called "holographic dark energy" proposal [6, 7, 8, 9] . It is well known that the holographic principle is one of the important results of recent investigations that arise exploring the quantum gravity or the string theory [5] . In this sense, Cohen et al. [6] proposed an entanglement relationship between the infra-red (IR) and ultraviolet (U V ) cutt-offs due to the limitation set by the formation of a black hole, which establishes an upper limit for the vacuum energy, L 3 ρ V ≤ LM 2 p , where ρ V is the holographic dark energy density related to the U V cut-off, L the IR cut-off, and M p the reduced Planck mass. Holographic dark energy looks reasonable, since it may provide simultaneously natural solutions to both dark energy and cosmological problems as shown in [9] .
The introduction of a new component of dark energy to the whole energy budget is one way to investigate this mystery, but there are also other promising ways without the need of new forms of energy. It is also considered the modification of the Einstein-Hilbert action for large scales with higher order curvature invariant terms such as R 2 , R µν R µν , R µνλσ R µνλσ , or R k R and also non-minimally coupled scalar field with term φ 2 R. Among the most general modified gravity, the well known and usual used is f (R) gravity. Many works have been done in the order to better explain some characteristics of holographic dark energy both in framework of General Relativity and f (R) theory [10] − [27] .
However, General Relativity and its modifications are not the only theories with which holographic dark energy can be explored. Recently, special attention has been attached to a theory known as f (T ) gravity, where T is the torsion scalar. f (T ) gravity is a modification of the teleparallel gravity, for which just the torsion scalar is the gravitational part of the action. Moller and other authors undertook and developed the proposal for an analogy between the teleparallel gravity and the General Relativity [28] . Models based on f (T ) gravity were investigated, in one hand, as an alternative to inflationary models [29, 30] , and on the other hand, as an alternative to dark energy models [31] . Recently, still in the framework of f (T ) gravity, new spherically symmetric solutions of black holes and wormholes are obtained in [32, 33] . Power-law solutions of the scale factor are investigated when the universe enters a phantom phase and it is shown that such power-law solutions may exist as cosmological model in the framework of f (T ) gravity.
Recently, still in the framework of f (T ) gravity, the cosmological evolutions of the equation of state for dark energy in the exponential and logarithmic as well as their combination theories have been extensively considered by K. Bamba et al [34] . They shown that the crossing of the phantom divide line can be realized in the combined f(T) theory even though it cannot be in the exponential or logarithmic f (T ) theory. In particular, they found that the crossing is from the parameter of the equation of state related to dark energy ω DE > −1 to ω DE < −1, in the opposite manner from f (R) gravity models. They also demonstrated that this feature is favored by the recent observational data. Moreover, K. Bamba et al demonstrated that in the exponential f (T ) model studied in [35] , it is impossible to have the crossing of the phantom divide line, ω DE = −1.
In this paper, we perform the reconstruction of f (T ) gravity without resorting to any additional dark energy, that is, considering that the holographic dark energy is effectively described by the modification of the gravity with respect to the teleparallel gravity. Then, we use the holographic model of dark energy in spatially flat FRW universe, and obtain equation of state for holographic dark energy density in framework of f (T ) gravity. The function f is decomposed as the sum of the teleparallel gravity plus a term characterized by a function g(T ). Differential equation of the function g is established and solved directly leading to the f (T ) model coming from holographic dark energy, at least in the case where the universe is essentially dominated by holographic dark energy. Moreover, we observe that for some values of the input parameter b, ω V may cross −1. Another interesting aspect of the obtained model is that it is suitable for explaining the unification of the dark matter with dark energy.
The paper is organized as follows. In Section 2 a generality of f (T ) gravity is presented, the flat metric of FRW is assumed and the holographic dark energy is introduced. In Section 3 the conclusion and perspectives are presented.
f (T ) gravity with the account of holographic dark energy
We propose in this section to generalize the teleparallel Lagrangian T to a function
which is similar to the generalization of the Ricci scalar in Einstein-Hilbert action to the modified f (R) gravity. We can then write the action of f (T ) gravity, coupled with matter L m by [31, 36, 37, 38 , 39]
where e = det(e
In what follows, we will assume the units 8πG = 1. Here, The teleparallel Lagrangian T , known as the torsion scalar, is defined as follows
where
and K µν ρ is the contorsion tensor
Varying the action with respect to vierbein e i µ , the field equations are obtained as
where g T and g T T are the first and second derivatives of g with respect to T . Here, T ρν is the stress tensor and may not be confused with the torsion. Now, we assume the usual spatially-flat metric of
Friedmann-Robertson-Walker (FRW) universe, with the line element written as
where a(t) is the scale factor as a function of the cosmic time t. Moreover, we assume the background to be a perfect fluid. Using the FRW metric and the perfect fluid matter in the Lagrangian (2) and the field equations (6), we obtain
where ρ and p are the energy density and pressure of ordinary matter content of the universe respectively.
The Hubble parameter is H and defined as H =ȧ/a, where the "dot" denotes the derivative with respect to the cosmic time.
We now suggest the correspondence between the holographic dark energy scenario and f (T ) dark energy model. The holographic dark energy density ρ V can be written as [38, 25, 24] 
where b is a constant, and R h is the future event horizon defined by
which, after a simplest transformation, can be put into the following form
Through the use of the critical energy density ρ cr = 3H 2 , one may define the dimensionless dark energy
as
Using the definition Ω V and ρ cr , one getsṘ
We assume in this work that the dark energy is the dominant component of the universe and then, it can evolve according to the conservation laẇ
From (15) and (16), we easily write the derivative of the holographic energy density aṡ
from which, using (16), one gets
We can easily observe that when Ω V → 1 in the future (meaning that holographic dark energy is quite the dominant component of the universe), for b > 1, ω V is always greater than −1 and behaves like a quintessence; for b = 1 the universe will end up with a de Sitter phase, and for b < 1, the universe falls into a phantom phase and the equation of state crosses −1. Therefore, the parameter b plays an important role in specifying the evolutionary nature of the holographic dark energy.
The equations (9) and (10) can be rewritten in order to provide that holographic dark energy corresponds to energy which originates from the deviation part g(T ),
Combining (19) and (20), one obtains the following equation
Assuming the equation of state p V = ω V ρ V for the holographic dark energy, one can rewrite (21) as
Our task now is to determine the model of f (T ) coming from holographic dark energy. To do this, let us assume that the Hubble parameter can be written as
where h and α are positive constants, and are assumed in this way for providing the acceleration of the universe. Moreover t s is the probable future singularity finite time, such that t < t s . Note that (23) is specific of the singularities of type I (big rip) and type III which may appear for α 1 and 0 < α < 1 respectively [40, 41] . For the classification of finite-time future singularities, see [42] . Using (23) and (8),
with which we rewrite Eq. (22) as
The corresponding scale factor for (23) can be written as a(t) = a 0 e h(ts −t) 1−α α−1 , with which the universe may end up with a future finite time singularity, and one can rewrite (12) as
In order to let the expression more simplest, we set α = 1. Then, Eq.(26) becomes
from which we get
and Eq. (25) takes the form
where K is a constant depending on h and b as
The general solution of (29) is
and the corresponding f (T ) gravity model according to the holographic dark energy is
where C 1 and C 2 are constants. It is quite evident that at the early time, that we denote t 0 , the corresponding initial value of the torsion scalar is T 0 4 , and we have
For a consistency, initial conditions are necessary for determining the respective value of C 1 and C 2 . To do this, we assume the same assumption as in f (R) gravity [24] , where, by analogy, the function f (T )
has to obeys the following initial conditions
Making use of these initial conditions, one obtains
We can then write the explicit expression of f (T ) as
Observe here that when holographic dark energy contribution is almost null (or cancelled), i.e. (b = 0, or gravity [43] , where they investigated the transition of matter dominated phase to the acceleration phase, and found that the matter dominated phase is governed by f (R) = R (Einstein gravity). This may be view as a sort of similarity between the General Relativity and the teleparallel gravity, at least about the matter dominated epoch of the universe.
The expression f (T ) = T , naturally incorporates the initial conditions and shows the consistency of the model in characterizing dark matter dominated phase. Thus, this is an interesting result in the sense that, the model seems to provide the unification of the dark matter with the dark energy.
Conclusion
We presented in this paper the reconstruction of f (T ) gravity according to holographic dark energy.
f (T ) theory is a modification of the teleparallel theory for which the gravitational part is the torsion scalar T . The teleparallel theory is an analogy of the General Relativity and it is quite natural to investigate some of aspects currently investigated in f (R) gravity, which is a modification of the General Relativity, in this recent theory. Note that holographic principle is an important aspect which can solve some of the problems of cosmological constant and the dark energy. Within any modified theory of gravity, where some cosmological aspects are described, the physical consistency imposes the determination of the action, in other work, the Lagrangian formulation of such a theory. To do this, we put the function f (T ) in a strategical form as T + g(T ), and try do found the analytical expression of g(T ). This form of f (T ) is quite reasonable since it means that f is a sum of the teleparallel term plus a correction function g(T ).
In such case, it appears clearly that in the case of g(T ) = 0, the teleparallel gravity is recovered. We considered the flat FRW universe and the equation of motion is obtained. The holographic dark energy components are introduced and are assumed to dominate other the ordinary matter ones. Differential equation of g(T ) is then established and analytically solved, yielding a polynomial function for g and consequently for f . The introduced constants C 1 and C 2 are correctly determined, based on the same assumption applied in f (R) gravity, from initial conditions. Moreover, the input parameter b, coming from the holographic dark energy terms, plays an important role, since it is the only parameter that determines the evolutionary aspect of the holographic dark energy. Hence, we see that in future, where Ω → 1, if b > 1, the dark energy behaves as a quintessence; for b = 1, the universe ends up with de Sitter phase, while for b < 1, ω V crossed −1 and the universe falls into a phantom phase. Another interesting aspect of the obtained model is that it leads to the unification of the dark matter with the dark energy.
However, a lot need to be checked within this particular f (T ) theory for providing more explanation for others aspects of dark energy. Note that since ω V may cross −1, leading to a phantom universe, future finite time singularity (Big rip or type III singularity) can occur. In general, since quantum effects are important near singularity, due to the presence of higher derivative terms of the Hubble parameter, their impact on these singularities may be investigated. One could also allow to the fluid to possess viscosity and then analyse its effect in avoiding singularities. We propose to investigate these aspects in future works.
